
Circuit Quantum Electrodynamics 
Superconducting platform

(fourth Lecture)

Covering:  basic concepts, measurement techniques, 
implementations, qubit approaches, current trends

With figures and slides borrowed from

A. Wallraff (ETH-Zurich), P. Bertet (CEA Saclay), R. Gross (TU-Munich)



Transmon Limit



Review: The Cooper-pair box (CPB) and transmon
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Review: The Cooper-pair box (CPB) and transmon
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Hamiltonian of CPB with voltage bias

Hamiltonian in charge basis
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CPB and transmon regimes
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EJ = 0 

• The Hamiltonian is diagonal in the charge basis.

• What are the eigenstates?

• What are the eigenvalues?

|𝑁⟩

4𝐸𝐶 𝑁 − 𝑁𝑔
2

0
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EJ = 0 (Energy spectrum) 
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CPB: EJ = EC

Qubit transition 
frequency

Large anharmonicity
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Intermediate regime: EJ > EC
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Transmon regime: EJ >> EC
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Transition frequencies as a function of EJ
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Wavefunction in the charge basis
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Important messages
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Transmon as an anharmonic oscillator
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• Step 1: Write down Lagrangian

• Step 2: Find conjugate variable

• Step 3: Calculate classical Hamiltonian

• Step 4: Quantize the Hamiltonian

ℒ = 𝐸𝑐𝑎𝑝 − 𝐸𝑖𝑛𝑑 =
1

2
𝐶 ሶ Φ2 + 𝐸𝐽 cos 2𝜋

Φ

Φ0

𝑄 =
𝜕ℒ

𝜕 ሶΦ
= 𝐶 ሶΦ

ℋ Φ, 𝑄 = 𝐶 ሶΦ2 − ℒ Φ, ሶΦ =
1

2𝐶
𝑄2 − 𝐸𝐽 cos 2𝜋

Φ

Φ0

෡Φ, ෠𝑄 = 𝑖ℏ 𝐻 = −𝐸𝐽 cos 2𝜋
෡Φ

Φ0
+

1

2𝐶
෠𝑄2 = −𝐸𝐽 cos 2𝜋

෡Φ

Φ0
+ 4𝐸𝐶 𝑛2

𝐶 = 𝐶𝑆+ 𝐶𝐽

𝑛 = 𝑄/2𝑒

Transmon as an anharmonic oscillator
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• What if Φ is very very small?
• Question: when does that happen?

• What if Φ is small?

𝐻 = −𝐸𝐽 cos 2𝜋
෡Φ

Φ0
+

1

2𝐶
෠𝑄2 ≈ −𝐸𝐽 1 − 0.5 2𝜋

෡Φ

Φ0

2

+
1

2𝐶
෠𝑄2

𝐻 =
𝐸𝐽

2

2𝜋

Φ0

2
෡Φ2 +

1

2𝐶
෠𝑄2 =  

𝐸𝐽

2
ො𝜑2 + 4𝐸𝐶 ො𝑛2

𝐻 =
𝐸𝐽

2

2𝜋

Φ0

2

෡Φ2 −
𝐸𝐽

24

2𝜋

Φ0

4

෡Φ4 +
1

2𝐶
෠𝑄2

Non-linear energy term

Harmonic Oscillator

Transmon as an anharmonic oscillator
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• Consider the Hamiltonian term:

• Rewrite this term to:

• Hints:
• Keep only “energy preserving” terms 

(same number of creation and annihilation operators)

−
𝐸𝐽

24

2𝜋

Φ0

4

෡Φ4

−𝐾𝑎†𝑎†𝑎𝑎 − 𝛿𝑎†𝑎 + Δ0

෡Φ =
ℏ

2𝐶𝜔
𝑎† + 𝑎 , 𝑎, 𝑎† = 1

Transmon as an anharmonic oscillator
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• Hamiltonian

• Conjugate variable ො𝜑, ො𝑛 = 𝑖

ො𝜑 =
2𝐸𝑐

𝐸𝐽

1
4

𝑎† + 𝑎 , ො𝑛 =
𝑖

2

𝐸𝐽

2𝐸𝐶

1
4

𝑎† − 𝑎

where 𝑎† and 𝑎 are the rising and lowering operators diagonalizing 𝐻𝐻𝑂

• Approximate Hamiltonian

𝐻 ≈ 8𝐸𝐶𝐸𝐽𝑎†𝑎 −
𝐸𝑐

12
𝑎† + 𝑎

4
≈ ℏ𝜔𝑞𝑎†𝑎 −

𝐸𝑐

2
𝑎†𝑎†𝑎𝑎

with ℏ𝜔𝑞 = 8𝐸𝐶𝐸𝐽 − 𝐸𝐶

𝐻 =
𝐸𝐽

2

2𝜋

Φ0

2

෡Φ2 +
1

2𝐶
෠𝑄2 −

𝐸𝐽

24

2𝜋

Φ0

4

෡Φ4

𝐻𝐻𝑂 =
𝐸𝐽

2

2𝜋

Φ0

2
෡Φ2 +

1

2𝐶
෠𝑄2 =  

𝐸𝐽

2
ො𝜑2 + 4𝐸𝐶 ො𝑛2

Transmon as an anharmonic oscillator

By rewriting
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Anharmonic energy spectrum

• With the Hamiltonian

𝐻 = ℏ𝜔𝑎†𝑎 − 𝐸𝑐𝑎†𝑎 −
𝐸𝑐

2
𝑎†𝑎†𝑎𝑎 =

                                   =  ℏ𝜔𝑇𝑎†𝑎 −
ℏ𝛼

2
𝑎†𝑎†𝑎𝑎

• Energies:
𝐸1 − 𝐸0 = ℏ𝜔 − 𝐸𝑐

𝐸2 − 𝐸1 = ℏ𝜔 − 2𝐸𝑐

• Because 𝐸2 − 𝐸1 ≠ 𝐸1 − 𝐸0 we can use as a qubit

ℏ𝜔 = 8𝐸𝐽𝐸𝐶

ℏ𝝎𝑻 = 𝟖𝑬𝑱𝑬𝑪 − 𝑬𝑪 ℏ𝜶 = 𝑬𝑪
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Transmon frequency Transmon anharmonicity
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